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ABSTRACT: In this paper, we consider the third order non-linear difference equations of the

form A(CHA(dn(AXn )y ))+ P, (AX, )’ +d,0(x,_,)=0,n>n, >0. We establish new oscillation

results for the third order equation by using Riccati transformation technique. Examples are
given to illustrate the importance of the results.
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Introduction

We consider non-linear third order difference equations of the form
A(CnA(dn (Axn )5 ))+ pn (Axn )5 + qng(xn—i ) = 0’ nz nO >0 (1 1)

where 9 21 s the ratio of positive odd integers.

Q) {C" } {dn}’{pn}and {qn} are positive real sequences.

s
(ii) 9nis a real sequence such that ug(u)>0 for u0gng 9UNU” 2k >0y pere B i
ratio of positive integers.

(iii)  “is a positive integer.

By a solution of equation (1.1) we mean a real sequence {Xn} defined for M= "o -4 and

satisfies the equation (1.1) for all N=No - A solution {x,} of equation (1.1) is said to be

oscillatory if is neither eventually positive nor eventually negative, and otherwise non-

e

oscillatory. A solution "nJ of equation (1.1) is called non-oscillatory if all its solutions are

non-oscillatory.

There are many papers dealing with oscillatory and asymptotic behavior of solutions of
several classes of third order functional difference equations, see [3]-[8] , [10]- [13] and the
reference cited therein. In[14] the authors considered the following the second order

A(CnAZn )+ pn Zn+l = O
difference equation Onia
(1.2)
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IS non- oscillatory .

Very recently, in [6] the authors discussed the oscillatory and asymptotic behavior of
solution of the equation

A(anA(bn (Ayn )a »+ pn (Ayn+1 )0‘ + qn f (yn—l ): 07 nz nO (13)
Equation (1.3), the authors assumed the coefficient sequence of the damping term is positive.

In section 2, we will present some lemmas which are useful in establish our main
results. In section 3, we will state and prove the main results and give examples illustrate
them.

2. Auxiliary Results
We define,

I—Oxn = Xn’ len = dn(A(LOXn ))5' L2Xn = CnA(len )7 L3X
Hence (1.1) can be written as

n— A(I—an)

onl.

n

(B st

Remark 2.1
We denote the following notations:

-1

D,(n)= Z%) D*(n)= nl{Dz(s)Ta‘

B s=n (ds )1/5 ’ s=n ( and s=n

<n < 0
for N, <N =n< '

O
i
P
5
~—
|
=]
M
AN
=
=)

lim D, (n) =

We assume that as n—
(2.1)

limD,(n)=c0
and n> as N> (2.2)

Lemma 2.2Suppose that (1.2) is non-oscillatory. If .} is a non-oscillatory solution of (1.1)
on [ o)y =g , then there exists N € [n0) such that Xsla¥a >0 g XoLiX, <Ogop nzn,

Proof:The proof is similar to that of Lemma 2.1 in [14] and hence the details are omitted.

Lemma 2.3 Let {Xn}be a non-oscillatory solution of (1.1) with Xy LyX, >0 for M= ="
then
Lx, >D,(n)L,x, for all n>n,

(2.3) and
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* 1/
X, = D (n)L2 anor all n= n1(24)

Proof:Let ¥} be a non-oscillatory solution of (1.1) say %» > X2 >0 gng baXn >0y

LSXn = _£&jl-lxn _Qng(xn—/l)S 0.
=M 2N gince d,

L,X

we have that n is non increasing on [nl’oo), and hence

n-1 n-1
LiX, = X, + > A(LX,)> > A(Lx,)
n-1 L X n-1 1
:s=n1 ‘233 s ZLZmE}LZXH
=L,x,D, (n)
This implies

AX, > [Dé—(n)}w(Lz x,J°.

n

L,x

Now, summing this inequality from ™ to n—-1 and using the fact that n IS non

increasing, we find

n-1 n-1
Xy =Xy, + D AX 2 D AX,

s=n, s=n,

£ ey

s=ny

2 S8

S=m S

=D"(n)L,x, )" fornzn,
This completes the proof.
Next, the following two lemmas are consider by the second order delay difference equation
A(CnAXn ): )
(2.5)

where {Q"} is a positive real sequence and | is a positive integer.
Lemma 2.41f

n-1
limsup > Q,D,(s—1)>1

n—o0
s=n-I

(2.6)
then all bounded solutions of (2.5) are oscillatory.

Proof: Let ™} be a bounded non-oscillatory solution of (2.5), say X, >0 and Xn-1 0 for
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n>n,

for some™ =" By (2.5), ColAX, IS strictly non-decreasing on [nl'oo). Hence for any

N, 2 N4 \we have

X, =X +ZAX =X, +ZCAX

s=n, s=n,

n-1 1
> X, +C, AX, > —

2 2 2 C
s=n, ¥s

=X, +C, AX, D,(n)

AX. <0

So M as otherwise (2.2) this imply Xg =

as = % we get a contradiction to

the boundedness of *n. Also, we get

X, >0,A%, <0, 4 A(c,Ax.)>0 on [n,, )
(2.7)
Now for V=Y =™ we have

X, > X, — X, :—ZAX :—ZC A%,
{zl o =0, s, 29

n=s=n settlng u=s—I and v=n-1in (2.8), we get

Xsfl >— ( I )Cn—l Axn—
(2.9)

Summing (2.5) from N—1to N =1 e obtain
—C, X, >C AX, —C,,AX,,

= nz Qs Xs—l

s=n-I|

> [i@ D, I)cn_.Axn_.}

s=n-|

(i.e) 1> nf‘;QSDZ(s—l) (2.10)

s=n—I|
Taking lim sup as M — % on both sides of (2.10) yields a contradiction to (2.6) and completes
the proof.

Lemma 2.51f

|.msupz( $o, j>1

s=n-| n s=u
(2.11)
then all bounded solutions of (2.5) are oscillatory.

X, >0

Proof: Let {X"}be a bounded non-oscillatory solution of equation (2.5), say and
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Xn1 >0 gop NN 0. As in lemma 2.4, we obtain (2.7) summing (2.5) from U

>
ifor some =N

to N—1, we get

n-1
—C,AX, > C,AX, —C,AX, = Y QX
S=u
n-1
2 |:Z Qs :|an

(M%A&>[ ZQ} (2.12)

uSU

Summing (2.12) from N—lto =1, we get
X | >X =X

n

{250
i( ZQJ (2.13)

s=n-I| usu

Taking lim sup as M=% on both sides of (2.13) yields a contradiction to (2.11) and
completes the proof.

3. Oscillation Results by Riccati method

Now, we establish the main result of this paper.

Theorem 3.1 Assume that (2.1), (2.2) and oz p Suppose (1.2) is non-oscillatory. If there

exists a positive sequence P} such that P>0 ang N—As<n-1<n gor a1 =M
satisfying

A2
IlmsupZ[k,osqS B }

s=n,

n el

for  any . where for =N

3.1)

A
A =ﬁ—&&D2(n)
pn+1 pn+1 dn

1/6
e, ¢ Lo P2 oo )
n+l n-4

(3.2)

and (2.6) or (2.11) holds with

Q.- a0 -2 20 *
n for all "= ™ with &€ >0 then every solution T of (1.1)

or Lo, is oscillatory.
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Proof:

[n,,0)n, >n

Let {X”} be a non-oscillatory solution of (1.1) on o, Without loss of

X, >0 and Xo_ s >0]cor

generality, we may assume that =N From lemma 2.2, it follows

that Lx, <0 or

LXo >0for N2N First we assume =% > Oon [n;,e0). By (L.1), 2% is strictly

n, >

decreasing. Hence for any M we have

Lx, =Lx, + ZA(le )=Lyx,, + z Lo,

$=N, $=N, 5

n-1
<L, {Zi}_zx% =L,x, +L,X, D,(n) (3.3)
So LoX,, >0 as otherwise (2.2) would imply L%, ——o0 as N— % a contradiction to the

positively of % Altogether 12% > Oon [, 0).
Define

W :anZXn (34)

By using (1.1), (2.3) and the condition (ii) on g, we obtain

AW = Pn AL,x, +L,X A(p“]
x?

n B n+l
Xn A n-4
— A,O Wn+l + ALZXan _ﬂp Axn—/l Wn+l
n n
Pru L2Xn Xn—/l Prnu

P,
@1 W n|:d L1Xn +qng(xn—i )j|
— Ap n+l n

AX,, ;, W,,
X _ﬂpn n-4 ‘'n+l
P L2Xn Xoor Pon
@3 Ap, W, P AX,_, W,,
L8Py Py 1) kg, o, Yt o
Pra dn Xn-a Pna
1/
AXn+l—/1 Z( dn—/l ] Wn+l S%
Since Lo, is decreasing, we have AX,; LI and Praa Pn
Wﬂ+ pn Wn+ Axn— Wn+
S_kpnqn_ 1pn_D2(n)+Apn 1_ﬂpn ‘ :
n+1 dn Pru Xn—l Pri
AXW W,
:_kpnqn +Aan+l_ﬂpn—l_l (35)
Xn—i pn+1

From the definition of L, and (2.3), we get
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n-4

S s s
AX,_, > D, (n _/1) o5, (LX) 151
= BlS
Xn—/l L pndn—/l n Xn—i
- —1/5
_ Dz(n_i) 1/, p15-1
- d Wn Xn—l
L pn n-4 |

and (3.5) implies,

AWn < _kpnqn _ﬁ PV

n+1

It follows from

d, (4%, =Lx, = Lx, + 3 A(LX,)

s=n;

n-1 1
<LX, +¢ ). —

S=m ¥s

= Lan1 + ClDZ (n)

- D‘Z(n_)"'cl}Dz (n)
mml}Dz(n)

~&.D,(n)

IA

an ~1/6

C, = D*(n)+C1

where

1+1/6 |: Dz(n —ﬂ,
pn+1d n-1

LoX, <0 g 0<L,x, <L,x, =c,forn>n

) 1/8
15-1
} Xnﬂ—ﬁ +Wn+lAn

1. Hence
CnA(len): L%, <¢C

for all M=M= M +1 that

Q—q+£%ﬁ
where D,\n
Choose M2 =" we have,
n-1
X, =X, + D AX
2 (ED,(s))
< 12
<X, + S_Zn;( ) J
2 (ED,(s))
< 1~=2
<X, + ;nl[ a j

(3.6)

for all "=™ and thus we have
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Thus we have

x5t > ¢l D" (- )" for nxn, (3.7)

From (3.4) and (2.4) we get

<p,(D'(n=A)“x37 for n>n, (3.8)

By using (3.7) and (3.8), we obtain
w, <ci’p, [D*(n - ﬂ)]_ﬁ
Hence

WY oL > (Ao Ll [D*(n —A)]_ﬂ W for  n> n,

By using (3.7) and (3.9) in (3.6), we obtain

2
n+l

Bp.cy”’ Dz(n_ﬂ) . 2
AWn S_kpnqn + Aan+1_ [D (n_ﬂ“)]ﬂ Wi

< _kpnqn + Aan+1 -B W2

n*'n+l
2
< _kpnqn +i

4B,

for" =M where A and B are in (3.2) with ¢ =A% Summing (3.10) from™z to N—1 we
see that

n-1 Asz
k ——|<w_ —w <w
S_anz{ psqs 485} n, n n,
which contradicts (3.1) Next, we assume L%, <0 on [nl'oo). Then the case L,x, <0 cannot

hold for all large n, say " =M =M Definition from =*n, we obtain,

1/6 le 1/8
AX, = L o2 ,N>n,
dn dn

and from (2.1) that X, <0 for all large n, which is a

X, >0, x, <0 n=n,>n,

- >
contradiction. Thus, assume and L%, 20 for all large n, say

>Uu>
WV_U_I’l

No 3 we have

1690

(3.9)

(3.10)



European Journal of Molecular & Clinical Medicine
ISSN 2515-8260 Volume 7, Issue 11, 2020

X, =X, = _VZAd;l/§<dr(AXr)5)1/5
>(V2d 1/5j Lx, '

Setting u=n-A41 and v=n-|

Xn_g 2 Dl(n _I)(_ Lix,_, )1/5 = Dl(n _I)Xn—l

n>n,wherex, =(-Lx,)’° >0forn>n

, We get

For
N—A<n-1<n e obtain

Alc,Az, )+%Zn >kq,[D,(n=1)z,.,(z,, V'

n

3. From (1.1), the fact that {xn}is decreasing and

Where szé, since Zis decreasing and 928 there exists a constant S >Osuch that

151
Zo " 2C for N2Ny Thys

A(anzn)z[c4kqn<ol<n—|>>ﬂ—ﬂzn.

Proceeding exactly as in the proof of lemma 2.4 and 2.5, we arrive at the desired conclusion
thus completing the proof.

Corollary 3.2. Assume (2.1), (2.2) and o2p, Suppose (1.2) is non-oscillatory and A, SO.

Where A, is defined as in (3.2). If there exist a positive sequence {pn} such that

lim sup Z,osqS =0 foranyn el
p,>0and n-A<n-1<n for all n>n, and " .

and (2.6) or (2.11) holds with Q as in Theorem 3.1, then every solution x, of (1.1) or LaXx is
oscillatory.

Theorem 3.3 Let the conditions (2.1), (2.2) are holds and o2p Suppose (1.2) is non-

oscillatory. Assume that N=4<n—=I<nforall "=M and (2.6) or (2.11) holds with Q as
in Theorem 3.1. If every solution of the first order delay equation

Aw, +Pw,_, +Q, wy'7 =0foralln>n,

(3.12)
is oscillatory, then every solution { xn} of (1.1) or L2xn is oscillatory.

[n,,0),n, >n

Proof: Let{ xn}be a non-oscillatory solution of (1.1) on o, Without loss of

Xo >0 0 Xn >0forn>n

generality, we may assume that 1, From lemma 2.2, we have

L%, <0 or L%, >0 for M= My LX, >0on [nl"’o) then as in the proof of Theorem 3.1, we

get L% >04p [n,,e0).
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We can choose M2 =™ such that N—A =M foralln=n, 5,45 (2.4) gives
X, ,>D" n—ﬂ)(szH)“J foralln>n,

Using (2.3) and (3.12) in (1.1) we obtain

A(szn)+% D, (n)L,x, +kg, (D"(n=A)) (Lx, , V'* <0

n

for "=z |t follows that
Aw, +Pw,_, +Q,w.'7 <0 foralln>n,,

n 'n-4

(3.12)

_bPy
_Lx, 7 2™ Q kg, (D'(n-2)f

n

where W
This mequahty has a positive solutlon and by Lemma 2.7 in [13 ]. We see that (3.11) has a

positive solution, which is a contradiction. The case when L%, <0 on[ 1) is similar to that
of Theorem 3.1 and hence is omitted. This completes the proof.

Corollary 3.4 Let the conditions (2.1), (2.2) are holds and 6z f suppose (1.2) is non-

oscillatory. Assume thatN—A<n—=1<n for g " =M and (2.6) or (2.11) holds with Q as in
Theorem 3.1. If

ﬂ, A+l
lim inf ZQ >( j
T ena A+l then every solution .} of (1.1) or Lox, is oscillatory

4. Oscillation Results:
In this section, we establish new oscillation results for (1.1) by using double sequence.

Let us introduce a double sequence {H”'S } nse N(nO) such that
H,,=0forneN(n,)

(i)
(ii) H,,>0forn>seN(n,)
(iii) AHps =Hisa = nSSOforn>sEN( o)

Suppose that{ |n>S€N( )}
H,,=-h,JH,, forn>seN(n,)

Theorem 4.1 Let the conditions (2.1), (2.2) are holds and 0z f Suppose (1.2) is non-
Py >0

is a double sequence with

oscillatory. Assume that there exists a positive sequence { n} such that and

—A<n-I< > e
A<n-l<n, forall =" satisfying

2
n,s

1
limsup—— > k =
limsup-— Z PilsHy s — =

" S 4.1)
for all |arge n, Where n,s n,s AS\I ns?

with A and B defined as in Theorem 3.1. If (2.6) or (2.11) holds with Q as in Theorem 3.1, then
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L

every solution ™} of (1.1) or 2Xn s oscillatory.

[n,c0)n, >

Proof: Let .} be a non-oscillatory solution of (1.1) on . Without loss of

generality, we may assume %o > 08NdX\; >0 g5 N>0 £rom the Proof of Theorem (3.1),

AW, <—kp.q, +Aw._, —B w’

n+1 n " in+l

nz_llkpsqs ns—ZHns[_AW +A5Ws+1 s s+1]

s=n, s=n,

_W H +Z[W5+1A H +HnsAsWs+1 ns s s+1]

s=n,

— i, H, 4 :Z_:J[wm(— Mo Floe )+ Hog A, — H, B2,
> {H, B+ w, [ HL A
S Bz, w - AL

ns s s+1 We.q ns\/ }

| |
3
/-"—-\ /-"-—\ /-"—-\

we obtain s=ny
2 n-1 F)2
=w_H 1/ ns A/ B W, + e
n' 'y T s - s l /_s 5:n14BS
n-1 PZ
=W”1H Z
s= n1

Thus we obtain,

P2
|:Z quS :|—\Nn1

s=n; s

WhICh is contradicts to (4.1).

Theorem 4.2 Assume all the conditions of Theorem 4.1 are hold except (4.1). Moreover,

suppose that for every ™ ~ Mos

s>n,
* n,n

H
0<inf {Iim inf o LS } < o0,

. 1 Hch
limsup——> 2" <o,
n—oo Hnlel s=n BS

and there is a sequence {Z”} such that
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0

ZiBS[Z:]Z :OOWherEZ: =maX{ 5’0}

s=n, C3

and

Iimsupini ko.qH . — p"s (4.2)
oo Hnynl = ps s''ns 4B an '

L

then every solution .} of (1.1) or 2%n s oscillatory.

nlﬁD)

Proof: Let .} be a non-oscillatory solution of (1.1) on [ . Without loss of generality,

X, >0andx,_, >0forn>n

we may assume 1. Proceeding as in the proof of Theorem 4.1, we

obtain

n—1k H n- pr?s n-1 H B P 2
<
gn:lpsqs ns—W Z WS+1+2\/B_S

S=| n1 S=n,

Using (4.2) we obtain

1 Prs
Zn <lim SupH—z kpsqun,s -

n—oo nn, s=ny 4 BS

n-1

2
1 P
<w, —lim me—Z{,/H B ws+1+2\/8_j

N—o0
n,n S=m

and hence
= P |
liminf ——>"| \/H BW,, +—F=| <o
e H S 2\/3—5
(4.3)
Define

= ZHns S s+1

nnlsnl

= Z\/ n,s ns Weig

nnls nl

It follows from (4.3) that
liminf{c, +c,]<o

The remainder of the proof is similar to that of [9 ] and hence it is omitted. The rest of the

if X, >0andLx, <0

proof of the case is similar to that of the proof of Theorem 3.1 and

hence it is omitted.

5.Examples:
In this section, we present some examples.
Example 5.1 Consider the third order non linear damped delay difference equation of the

form,
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A(l A(Ax, )Bj +2(Ax, )’ +32g(x,,) =0 n>n,
2 (5.1)
c,=—,d,=1 6=3 p,=2,k=1 pg=3and q, =32

n

Here

N

All the conditions of corollary 3.2 are satisfied with #n = N Infact % = (-1) is one such

oscillatory solution of equation (5.1)

Example 5.2 Consider the third order non linear damped delay difference equation of the
form,

A(ZA(Axn ) )+ (Ax, ) + 2 g(x, ,)=0 n>4
3 (5.2)
72
c,=2,d, =1 6=3 p,=1 k=3 p=1and q,=—
Here 3
_ n+1
All the conditions of corollary 3.2 are satisfied. In fact X, =(-1) is one such oscillatory

solution of equation (5.2)
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