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Abstract: The aim of this paper is to introduce a new class of closed sets namely
(r*g*)**-closed sets which is obtained by generalizing (r*g*)*-closed sets via
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1. Introduction

Levine introduced the class of g-closed sets. Many topologists have
introduced several class of new sets and their properties. The authors [4] have
already introduced (r*g*)*-closed sets and investigated some of their properties.
The aim of this paper is to introduce (r*g*)**-closed sets by generalizing closed
sets via (r*g*)*-open sets and investigate some properties.
2. Preliminaries
Definition2.1: A subset A of a space X is called

1. A «a-generalized closed (« g- closed) [5] set if «cl(A) € U whenever A
€ Uand U is open.

2. A generalized semi closed ( briefly gs - closed) [6] if scl(A)E U
whenever A< U and U is open in X.

3. A g*closed [2] ifcl(A) € U whenever A< U and U is g-open.

4. A g**closed[4] if cl(A) € U whenever A< U and U is g*-open.

5. A generalizedpre -closed (gp)- closed [1] if pcl(A) & U whenever
AcS Uand U is open.

6. Ar*g*closed set [3] ifrcl(A) & U whenever A= U and U is g- open.
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Definition 2.2:A subset A of a topological space (X,t) is called a (r*g*)*-
closed set if cl(A) & U whenever AS U and U is (r*g*)-open.

3. (r*g*)**-closed sets.

Definition 3.1: A subset Aof a topological spaces of (X, 7) is called a (r*g*)**-
closed set if cl(A) € A whenever ACU and U is (r*g*)*-open. The
compliment of

(r*g*)*-closed is called as a (r*g*)**-open.

Proposition 3.2: Every closed set is (r*g*)**-closed set.

Proof:Let A € U, where U is (r*g*)*-open.

Since A is closed, cl(A) = A. Therefore cl(A) = A S U.

= cl(A) < U= Ais(r*g*)**-closed set.

The converse need not be true as seen from the following example.

Example 3.3: Let X = {a,b,c}, T = {(D,X, {c},{a, c}}

Closed sets are @, X, {a, b}, {b}.

(r*g*)™-closed sets are @, X, {b}, {a, b}, {b, c}.

Here {b, c} is (r*g*)**-closed but not closed.

Proposition 3.4: Every (r*g*)**-closed set is gs-closed set.

Proof:Let A be (r*g*)**-closed. Let A € U, where U is open. Every open set is
(r*g*)*-open. Therefore AC U = cl(A) € U. But scl(A) Scl(A) c U=
scl(A) € U whenever A € U, U is open. Hence A is gs-closed set.

The converse need not be true as seen from the following example.

Example 3.5: Let X = {a,b, c}, T = {0, X, {a}, {a, c}}

(r*g*)*-open sets are @, X, {a, c}, {c},{a}.

(r*g*)*-closed sets are @, X, {b},{a, b}, {b, c}.

gs-closed sets are @, X, {b},{c}, {a, b}, {b, c}.

Here {c} is gs-closed but not (r*g*)**-closed.
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Proposition 3.6: Every (r*g*)**-closed set is ag-closed set.

Proof:Let A be(r*g*)**-closed. LetA < U,where U is open.But every open set
is(r*g*)*-open. We have cl(A) € U. But acl(A) S cl(A) €U = acl(A) € U.
= acl(A) € U = Ais ag-closed set.

The converse need not be true as seen from the following example.

Example 3.7: Let X = {a,b,c}, T = {0, X, {a}}

Closed sets are @, X, {b, c}

(r*g*)*-closed sets are @, X, {b},{c},{a, b}, {b, c},{a, c}

(r*g*) -opensets are @, X, {a, c},{a, b}, {c}, {a}, {b}.

(r*g*)™-closed sets are @, X, {b, c}

a-closed sets are @, X, {b}, {c}, {b, c}.

ag-closed sets are @, X, {b},{c}, {a, b}, {b, c},{a, c}.

Here {b},{c}, {a, b}, {a, c} is ag-closed but not (r*g*)**-closed.

Proposition 3.8: Every (r*g*)**-closed set is gp-closed set.

Proof:Proof follows from the fact that every open set is (r*g*)*-open and
pcl(A) S cl(A) c U.

The converse need not be true as seen from the following example.

Example 3.9: Let X = {a,b,c}, T = {(Z),X, {c}, {b,c}}

Closed sets are @, X, {a}, {a, b}

(r*g*)*-open sets are @, X, {b}, {c}, {b, c}

(r*g*)**-closed sets are @, X,{a}, {a, b}, {a, c}.

gp-closed sets are @, X, {a}, {b},{a, b}, {a, c}.

Here {b} is gp-closed but not (r*g*)**-closed.

Proposition 3.10: Every (r*g*)**-closed set is g**-closed set.

Proof:Let A € U, where U is g*-open.

Since g*-open implies(r*g*)*-open. We have cl(A) € U.

Therefore A is g*™*closed.
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The converse need not be true as seen from the following example.

Example 3.11: Let X = {a,b,c}; v = {0, X, {a}}

Closed sets of (X, 1) are @, X,{b, c},

g **-closed sets are @, X, {b}, {c}, {a, b}, {b,c} {a,c}

(r*g*)™-closed sets are @, X, {b, c},

{b},{c},{a, b}, {a, c} are g**-closed sets but not (r*g*)**-closed sets.

Theorem 3.12:The union of two (r*g*)**-closed sets is (r*g*)**-closed.
Proof: Let A and B be (r*g*)**-closed sets.

To prove: AUB is (r*g*)**closed.

Suppose AU B € U, where U is a(r*g*)*-open set.

Then Ac Uand B € U.

> cl(A)cUandcl(B) S U= cl(AUB) =cl(A)ucl(B) € U.

= AUB is (r*g*)**closed.

Proposition 3.13:The intersection of two  (r*g*)™ closed sets is a
(r*g*)**closed set.

Proof:Let A and B be two (r*g*)**-closed sets.

Let 4np c y- Where Uisa (r"g”)*-open set.

LetA € Ujand B € U, whenever U; and U, are (r*g*)**-open sets. Then

= cl(A) € U; andcl(B) c U,

Now cl(ANB) = cl(A)Ncl(B) € U; n U, whenever Uy N U, is (r*g*)*-open.
=>ANBisa(r*g*) " -closed set.

Example 3.14:Let X = {a, b, c,d}, T = {0, X, {a}, {b},{a, b}, {a, b, c}}

Closed sets are @, X, {b, c,d},{a,c,d}{c,d},{d}

(r*g*)*-closed sets are @, X,{d}, {a,d},{b,d},{c,d}, {a,b,d},{b,c,d},{a,c,d}
Here {a, c,d}N{a, b, d}={a} whichis (r*g*)**-closed

Proposition 3.15: If A is both (r*g*)*open and (r*g*)**-closed, then A is

closed.
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Proof: Let A be (r*g*)*-open set in X and also (r*g*)**-closed set in X

Since Ais (r*g*)*-open, take U =A=>cl(A)cU =A=>cl(A)c A

But A Ccl(A) = Cl(A) = A. Hence A is closed.

Proposition 3.16:1f A is (r*g*)™ closed set of (X,t) , such that A€ B <
cl(A) , then B is also a (r*g*)**-closed set of (X, 1) .

Proof: Let B <€ U and U is (r*g*)*-open set. Since A c B c cl(4),

we have Ac BcUand since A is (r*g*)*™-closed, cl(4A) € U. But
Bccl(A)>cl(B)ccl(A) cU

=cl(B) < Uwhenever B < Uand U is (r*g*)**open..

= Bis(r*g*)*-closed

4. (r*g*)** continuous maps

Definition 4.1:A mapf : (X,t) = (Y ,o0) is called a (r*g*)**-continuous if
L) is a(r*g*)**-closed set of (X, 7) for every closed set V of (Y, o).
Proposition 4.2: Every continuous map is (r*g*)**-continuous but the converse
need not be true.

Example 4.3: Let X = {a,b,c},T = {(Z),X, {c},{q, c}}.

Closed sets are @, X, {a, b}, {b}

(r*g*)™-closed sets are @, X, {b}, {a, b}, {b, c}

Leto = {0,Y,{c}}. Closed sets are @, Y, {a, b},

Define a function f: (X,7) » (Y,0) by f(a) =c; f(b) = a; f(c) = b.
f~1{a,b}) = {b,c} is (r*g*)**closed but not closed in (X, 7).Hence f
Is(r*g*)**-continuous but not continuous.

Proposition 4.4:Every (r*g*)**-continuous map is gs-continuous function but
the converse need not be true.

Example 45: LetX =Y = {a,b,c}r = {0,X,{c},{a,c}} o ={0,Y,{b,c}}

o Closed sets are @,Y, {a}

(r*g*)*-closed sets are @, X, {b}, {a, b}, {b, c}
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gs-closed sets are @, X, {b},{c}, {a, b}, {b, c}

Define a function f: X - Y by f(a) =b; f(b) =c;f(c) = a

f~1({a}) = {c}is gs closedin (X, 7).

Which implies that f is gs-continuous but {c} is not (r*g*)**-closed in (X, 7).
Therefore f is not (r*g*)**-continuous.

Proposition 4.6:Every (r*g*)**-continuous map is ag-continuous map but the
converse need not be true.

Example 4.7: LetX =Y ={a,b,c}t = {0,X,{a}}; C ={0,Y,{a, c}};
oc=1{0,Y,{a,c}}.

o Closed sets are @,Y,{b}. (r*g*)**-closed sets are @, X, {b}, {a, b}, {b, c}
ag-closed sets are @, X, {b},{c}, {a, b}, {b, c}

Define a function f: X - Y by f(a) =a;f(b) =c;f(c)=b

F1{b}) = {c}, ag-closed in (X, 7).

Which implies that f is ag-continuous but {c} is not (r*g*)**-closed in (X, 7).
Therefore f is not (r*g*)**-continuous.

Proposition 4.8:Every (r*g*)**-continuous map is gp-continuous map but the
converse need not be true.

Example 4.9: LetX =Y = {a, b, ¢}

T = {Q), X, {c},{b, c}}; o= {Q), Y, {a, c}}.

Define a function f: X - Y by f(a) =a;f(b) =c;f(c)=b

f~1({c}) = {b}, gp-closed in (X, 7).

Which implies that f is gp-continuous but {b} is not (r*g*)**-closed in (X, 7).
Therefore f is not (r*g*)**-continuous.

Theorem 4.10:Composition of two (r*g*)**-continuous maps need not be
(r*g*)**-continuous.

Example 4.11:Let X = {a, b, c}; = = {0, X, {b},{a, b}, {b, c}}

Closed sets are @, X, {a, c},{c}, {a}
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(r*g*) -open sets are @, X, {b, c},{a, b}, {b},{c}, {a}

(r*g*)*-closed sets are @, X, {a}, {c}, {a, c}

LetY = {a,b,c}; o = {0,Y,{c}, {b,c}}

Closed sets are @, Y, {a, b}, {a}

(r*g*)*-opensets are @,Y,{b, c},{c}, {b}

(r*g*)™-closed sets are @,Y, {a},{a, b}, {a, c}

Define f: (X,7) = (Y,0) is defined by f(a) = a; f(c) =b; f(b) =

Now f~1({a,b}) = {a,c} and f~1({a}) = {a}, which are (r*g*)**-closed in
(X, ). Therefore f is (r*g*)** is continuous.

Let g: (Y,7) » (Z,n) where Z = {a,b,c}; n = {(D, X, {c}}

Closed sets are @, Z, {a, b}.

Letg(a) =a;g(b) =c;g(c)=»b

g '({a, b}) ={a,c}, which is (r*g*)*-closed in Y= g is (r*g")* is

continuous.
But (g ) ({a,b}) = (g7 {a,b})
= f"{(a, )}
= {a, b}

Which is not (r*g*)**-closed set in (X, 7) which implies that the composition of
two (r*g*)**-continuous maps is not (r*g*)**-closed.
Definition 4. 12:A function f:(X,t) =» (Y,o) is called a (r*g*)**-
irresolutemap if f~1(V) is a(r*g*)**-closed set of (X, ) for every (r*g*)**-
closed set V of (Y, 0).
Example 4.13: Let X =Y = {a, b, c}

t ={0,X,{b},{a, b}, {b,c}}
(r*g*)**-closed sets X, @, {a}, {c}, {a, c}

oc=1{0,Y,{a}}

(r*g*)*-closed sets are @,Y, {b, c}
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Define f(a) = b,f(c) =c¢,f(b) =a
f1{b,c) = {a,c}
{a,c} is (r*g*)**-closed sets in (X, 1)
Therefore f isa (r*g*)**-irresoute mapping.
The following theorem gives some properties of (r*g*)**-irresolute map.
Theorem 4.14:
1. Every (r*g*)**-irresolute map is (r*g*)**-continuous.
2. Every (r*g*)**-irresolute map is gs-continuous.
3. Every (r*g*)**-irresolute map is ag-continuous.
4. Every (r*g*)**-irresolute map is gp-continuous.
5. Every (r*g*)**-irresolute map is g**-continuous.
Example 4.15: The converse of the above theorems need not be true.
1. LetX ={a,b,c}; 7= {X, @,{b},{a, b}, {b, c}}
Closed sets are X, @, {a, c}, {c},{a}
(r*g*)**-closed @, X, {a}, {c}, {a, c}
Y ={a,b,c}; 0 ={Y,0,{c},{a c}}
Closed sets are Y, @, {b}, {a, b}
(r*g*)*-closed @,Y, {b}, {a, b}, {b, c}
Define f: (X,7) » (Y,0) by f(a) =a,f(b) =c¢,f(c)=b
f'{a, b)) = {a,c}, f 1 ({b}) = {c} are (r*g")**-closed.
Therefore f is (r*g*)**-continuous.
Now f~1({b, c}) = {b, c} which is not (r*g*)**-closed.
Which implies that f is not (r*g*)**-irresolute.
Here f is (r*g™*)**-continuous but not irresolute.
2. LetX ={a,b,c}; T = {(Z),X, {c},{qa, c}}
Y={a,b,c}; o= {Q), Y, {aq, c}}
Let f: (X,7) = (Y,0) be defined by f(a) = a; f(b) =a; f(c) =b
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Here f is gs-continuous but not (r*g*)**-irresolute.
3. LetX ={a,b,c}; 7= {(Z),X, {a}}
Y ={a,b,c}; o ={0,Y,{a b}, {b}}
Let f: (X,7) = (Y,0) be defined by f(a) = a; f(b) =c; f(c) =b
Here f is ag-continuous but not (r*g*)**-irresolute.
4. LetX = {a,b,c}; v = {0,X,{c}, {b,c}}
Y ={a,b,c}; 0 ={0,Y,{a, b}}
Let f: (X,7) = (Y,0) be defined by f(a) = b; f(b) =c; f(c) =a
Here f is gp-continuous but not (r*g*)**-irresolute.
5. LetX ={a,b,c}; T = {@,X, {c}, {b,c}}
Y ={ab,c} o= {(D, Y, {aq, b}}
Let f: (X,7) — (Y,0) be defined by f(a) = b; f(b) =c; f(c) =a
Here f is g**-continuous but not (r*g*)**-irresolute.
Remark 4.16:(r*g*)**-irresoluteness is independent of gs-irresoluteness, ag-
irresoluteness, gp-irresoluteness and g**-irresoluteness.
Proposition 4.17: Composition of (r*g*)**-irresolute maps is again an
(r*g*)**-irresolute map.
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